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1. INTRODUCTION 
A new finite simple group (of order X98,128,000) was discovered recently 
by MacLaughlin. From the character table of this group [which was computed 
by John G. Thompson), we can see easily that the group has precisely one 
conjugate class of involutions (elements of order 2) and that the centralizer 
of an involution is a non-splitting extension of a group of order 2 by the 
alternating group As . It seems to be of interest to see what happens if we 
replace here A, by A, because both non-splitting extensions would have 
isomorphic Sylow 2-subgroups. More precisely, we want to answer the 
following question. Is there a finite simple group X which possesses an 
involution z such that the centralizer C(Z) of x in X is a non-splitting 
extension of (x) by A, ? We shall show here that the answer to this question 
is negative. Also this result was used in a recent work of K. Harada con- 
cerning finite simple groups which have Sylow 2-subgroups of order 2T. 
We shall prove the following: 
THEOREM 1. Let G be a Jinite group of even order which possesses a?8 
imolution z such that the centralizer H of z in G is a aon-splitting extensivn 
of (2) by the alternating group d, . Then we have G = H. U,,(G) and so 
in particular G is loot simple. Here O,,(G) denotes the maximal normal odd 
order subgroup qf G. 
The proof of Theorem 1 is obtained in the following way. From now 
on G will denote a finite group of even order which possesses an involution z 
such that H’ = H and H/<z) N A, where H denotes the centralizer of z 
in G. The structure of H is known by a result of Schur [.5]. In particular, 
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we see that H has precisely two conjugate classes of involutions and if T is 
an &-subgroup of H, then Z(T) = Z(H) = (z) and so T is an S,-subgroup 
of G. Also we assume that G f H . O,(G). A result of Glauberman [3] 
then forces that the group G has precisely one conjugate class of involutions. 
But, unfortunately, the fusion of involutions happens in precisely the same 
way as in MacLaughlin’s simple group and so we cannot derive a contradiction 
from that. We have to go in a detailed study of the 3-structure of G. In 
particular, we show that a Sylow 3-subgroup of G must have order 31° and 
a center of order 3. Then the fusion of elements of order 3 which lie in 
the centers of Sylow 3-subgroups of G produces a contradiction. 
The main tool in the proof of the theorem is a result of Brauer which 
was generalized by Wielandt [6]. 
2. PROOF OF THEOREM 1 
We assume that G f H . O,(G) which implies that G has precisely one 
conjugate class of involutions. We shall list now some properties of H which 
shall be used in the proof of the theorem. 
PROPOSITION 1. The group H has precisely three conjugate classes of 
elements of order 3 with the representatives s1 , s2 , s, . An S,-subgroup of 
C,,(s,) is generalized quaternion qf order 16. Bn S,-subgroup of CH(sg) is a 
four group and an &-subgroup of C,(s,) h as order 2. Also si is strongly real 
in H, i = 1, 2, 3. We put Pi = (Q), i = 1, 2, 3. 
PROPOSITION 2. We have C,(P,) = P1 x F where F N SL(2, 9). There 
is an involution t E N,(P,)\Cn(P,) which acts invertingly on PI . Also 
C,(t) N SL(2, 3) and an &-subgroup Pz of Cr(t) is conjugate in H to Pz . 
Finally, Nr((t, zj) N GL*(2,3) where GL*(2,3) is a non-splitting extension 
of a group of order 2 by the symmetric group in four letters and an &-subgroup 
of GL*(2, 3) is generalized quaternion of order 16. In particular, there is an 
element x EF such that t” = tx. 
PROPOSITION 3. We have C&P,) = E(z, t) where E is an elementary 
abelian group of order 27, E Q C,(P,) and (z, t> is a four group. Also there 
is an involution t’ in N,(P,)\C,(P,) which acts invertingly on Pz and (x, t)(t’) 
is isomorphic to a dihedral group of order 8. 
PROPOSITION 4. We have C,(P,) = P x (x} where P is an S,-subgroup 
of H, ] P j = 3”, Z(P) = P3 and ] P’ ] = 3s. Also W(P) = P3 and P has 
precisely one maximal subgroup E which is abelian and so elementary abelian. 
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There is an involution t E NH(P3);CH(P3) so that (t, z> is a y%w group a?zd t 
acts imertingly on P3 . Finally, NH(PB) = NH(P). 
PROPOSITION 5. The group H has precisely two cmjugate classes of imolzc- 
tions with the representatives x and t. Also ( Cfi(t)i = 26 . 3, C&t) is 24osed 
and an &-subgroup of CH(t) is conjugate in H to P, . 
PROPOSITION 6. We have N,(E) = EJ, E n 1 = i and J N_ GL(2, 3). 
Also a non-centml involution in J centralizes a subgroup of order 3 in E 
(conjugate to P2 in H). The group N,(E) h as p recisely three conjugate classes 
of elements of order 3 which are contained in E with the representatives s1 
(6 co+ggates), sp (12 conjugates) and sg (8 conjugates). There is no subgroup 
of order 9 in E whose zon-trivial elements lie in a single conjugate class in H. 
These propositions are established by using the fact that H/(zj rll A, 
and a!so using a result of Schur [5]. An &,-subgroup S, of CH(P,) is 
generalized quaternion and so S, is an &-subgroup of C(P,) = C,(PJ. An 
S,-subgroup Sz of AT,(P,) is dihedral of order 8 and so Sa is an Sa-subgroup 
of iV(Pa). This implies that an Sa-subgroup S, of C(.P.J is a four group. 
An &-subgroup Sa of C,(P,) . (..) is z an so (z> is an &-subgroup of C(T),). d 
We have proved 
PROPOSITION 7. The elements s 1 , s$ and sQ oJ’ order 3 lie iz three distinct 
conjugate classes in G. 
Let t be an involution in H which is distinct from .z. Let pa be an S,- 
subgroup of Cw(t). Then pa is conjugate in H to P, . Let X be an &subgroup 
of C(t) -= C,(t) containing pa. Since t is conjugate in G to z, we have 
j X j = 3’ and so / C,(pJ\ > 32. This implies that C(pa) !& H. We have 
proved 
PROPOSITION 8. The centralizer of Pz in G is zot contained in H. 
We assume now that C,(P,) C H. Then Proposition 6 implies together 
with Proposition 7 that No(E) c H. By Proposition 4, E is a characteristic 
subgroup of the Sylow 3-subgroup P of H and so No(P) C H. Hence P 
(of order 39 is an &-subgroup of G. 
We use now the fact that C(P,) $ H. We have C,(P,) = E(z, t) where 
E is elementary abelian of order 27, E Q E<x, t> and (x, t) is a four group. 
Also t is conjugate to tz in N&P,) since an &-subgroup of N&P,) is dihedral 
of order 8. Since N(E) n C(P,) = E(x, t}, E is an &-subgroup of C(P,)., 
Suppose at first that C(P,) has no normal 2-complement. Note that 
(x, tj is an S,-subgroup of C(P,) an so C(P,) has precisely one conjugate d 
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class of involutions. By a result of Gorenstein and Walter [4], we get that 
C(P,)/J! -La(g) whereg is odd and I’ = O,(C(Pa)). Since 1 C(Z) n C(Pa)I = 
4 .27, it follows that Y is a 3-group containing Pz . Since the normal 
2-complement of the centralizer of an involution in La(g) is cyclic, it follows 
that Pz C XC E (X contains properly P2). But then (x, t) centralizes X and 
1 X ] > 3a, which contradicts the structure of H. 
We have proved that C(P,) 1 las a normal 2-complement V3 E. Since 
N,(E) = E, V has a normal 3-complement K + 1. We have C,(t) 1: C,(tz) 
and CE(t) = CE(t.s) = Pz . Also / CK(t)j = I CK(ta)/ = 5 and so K is 
elementary abelian of order 25. (If I CK(t)l = 7, then Pz x CK(t) would be 
a cyclic group of order 21 contained in C(t), which is not possible.) We 
observe that K is normal in N(P,) and 1 V : C,(K)] = 3. Also z acts firred- 
point-free on K and so an &-subgroup of N(P,) (which is dihedral of order 8) 
acts faithfully on K. This implies that C,(K) = C(K) n N(P,) and so 
N(PJC,(K) is isomorphic to a subgroup of GL(2, 5). However, there are no 
such subgroups of GL(2, 5). We have proved 7 
PROPOSITION 9. The centrnlixer of PI in G is not contained in H. 
We use now the fact that C(P,) c H. We have C,(P,) = PI x F where 
F N SL(2,9) and there is an involution t in N,(P,) which inverts PI . Also 
Fl = CJt) is isomorphic to SL(2, 3) and t is conjugate to tz in N&P,). 
Since an &-subgroup of C(P,) is generalized quaternion, it follows by 
a result of Brauer and Suzuki [I] that C(P,) = FM where A!l = O,,(C(P,)) 
and &I 1 PI . Note that z acts fixed-point-free on M/P, and so M’ _C PI . 
Since F(t)/(x) N S, (the symmetric group in 6 letters), (z) is the unique 
minimal normal subgroup of F(t) and so C(M) = Z(M). We have 
Chf((t, x)) = 1 and M = PI . Chl(t) . Cni(tz) where CM(t) N Cng(tz) f 1. 
Since O,(F,) acts fixed-point-free on C&t), it follows that Cbl(t) is elementary 
abelian of order 9. Hence M is a group of order 35 and exponent 3. Also 
cl M < 2. 
Let pa be an &-subgroup of F, . Then pa is conjugate in H to Pz . Since 
Pa does not centralize CM(t), it follows that pJnf(t) is a non-abelian group 
of order 27 and exponent 3. Also O,(FJ p ermutes transitively the eight 
elements of order 3 in C,,(t) and so every subgroup of order 3 in Chf(t) 
(and similarly in C,,l(tx)) is conjugate in G to P3 . 
Assume now that M is non-abelian. Then M is an extra special group of 
order 35 and exponent 3 since F acts transitively on the set of non-identity 
elements of M/P, . The group N(P,) acts transitively on the set M\P, and 
so every element in M\P, is conjugate to sa in G. Let N be an &-subgroup 
of iV(P,). Then Z(N) = PI and so N&V) = N(N) n N(P,). This implies 
that N is an &-subgroup of G. Take a subgroup pa of order 3 in C&t). 
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Then N(ps) r\ N(P,) = X<t, z) where 1 X 1 = 36. Since p, is conjugate to 
E’s in G, it follows that ps does not lie in the center of any S,-subgroup 
of G. Hence X is an &-subgroup of N(p,). Also <t) is an &-subgroup of 
C(ps) and so N(ps) has a normal 2-complement with (t, a) as an &-subgroup. 
Also note that / C,r((t, z))l = 3 and so N,(ps) = X’,t, x). For any involution 
x E (t, x>, we have j C,(x)] = 3” or 33. On the other hand N(P3) contains 
the invoiution z and 3” 1 [ C(a) n N(P,)j, w ic is a contradiction. We have h h 
proved 
PROPOSITION 10. We lzaae C(P,) = h/lF wlzere h/i == O,,(C(P,)) is ele- 
mentary abelian qf order 35, hf n F = 1 and F N_ SL(2,9). Also time is 
precisely one conjugate class of invobtions in N(P,) which do not lie in C(PJ. 
If t is one qf them, then C&t) is elementary abelian of order 9. Every szcbgrozlp 
of order 3 in C,(t) is conjugate to P3 in G. 
Let E be an elementary abelian subgroup of order 27 of C,(P,). Then 
N = EM has order 3’ and so N is an S,-subgroup of N(P,). Also E 3 PI 
and N(E) n N,(P,) = EL where L is a semi-dihedral group of order 16 and 
L, = L n C(P,) is cyclic of order 8. Let t be an involution in L\L, . Then 
(YE(t) = P2 has order 3 and N(N) n N(P,) = NL. We have that C,,,(z) = E 
is elementary abelian of order 27 and both C&,(t) and CN(tx) are non-abelian 
of order 27 and exponent 3. Also we have CN((t, x)) = PT. If  Z(N) = P1 : 
then N is an &-subgroup of G and we get a contradiction in the same way 
as in the proof of Proposition 10. It follows that Z(N) 3 P1 and since L, 
acrs fixed-point-free on Z(N)/P, and Z(N) C M, we get that Z(N) is ele- 
mentary abelian of order 27. Since t is conjugate to tx in L, me get Z(lV) = 
(C(xj n Z(N)) x (C(t) n Z(N)) x (C(k) n Z(N)) where P1 = C(z) r\ Z(N) 
and both ps = C(t) n Z(N) and Fs = C(tz) fi Z(iV) are conjugate in G 
to P3. 
The group 1 = EZ(N) . IS e ementary 1 abelian of order 3j and 1 is L- 
admissible. Hence N,(I) is L-admissible. Since L, acts fixed-point-free on 
N&(1)/1, we get that I is normal in N. We have p3 = (P,C,&)j’ and 
P, = (P,C,,,(tz))‘. This implies that N’z p3 >: P, . In particular E is not 
normal in N. Since L, acts fixed-point-free on N,(E)/E, it follows that 
Nav(E) = 1. We have N’ C 1 n M = Z(N) and we shall show that, in fact, 
A“ = psps. Since PI and M are L-admissible, it follows that there is a 
complement M of PI in M which is L-admissibie. We have S = p3p3 C M 
and S =Q N. We shall show that N/S is abelian. 
Put (x1) = PI, (x,) = P2 and choose x4 E C,bI(t)‘\F’, and x5 E C,(tx)\F3 . 
Note that C%(t) = C,(t), C&tz) = CM(tz). Then choose an element L EL, 
such that x3 = zcs’ together with x1 and ziz generate E. This is possible since 
(P3, P,) = E. We have that x1, xp , x3 commute pairwise and also 
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[x4 ,x51 = 1. Now, h , qJ E S and [xz , x6] E S. Since S is &-admissible, 
we get that ~$5’ = x,S E Z(N/S) because x,S E Z(N/S). But 
and so N/S is abelian. Also N is of class 2 and is generated by its elementary 
subgroups M and I. It follows that N is of exponent 3 and so N’ = D(N) = 
p3p3 . This implies that PI splits in N and so by a result of Gaschiitz [2], -_ - 
P1 splits in N(P,). H ence M is normal in N(P,) and P3P3 C Al. Since N(P,) 
acts transitively on the non-identity elements of a, it follows that every 
non-trivial element in M IS conjugate in G to s, . 
Act on the set X = Z(N)\N’\P, with L. We see that L acts fixed-point-free 
on the sixteen elements of X and so L acts transitively on X. It follows 
that N(P,) has precisely three conjugate classes of elements of order 3 
contained in M with the representatives lying in P1 , z and M\P,\i@ 
respectively. Also N(N) n N(P,) = NL h as recisely three conjugate classes p 
of elements of order 3 contained in Z(N) with the representatives lying 
in P1 , N’ and Z(N)\P,\N’ respectively. Every element of order 3 in N’ is 
conjugate to s3 in G. 
Note that C(P,)/M N SL(2, 9) has p recisely two conjugate classes of 
elements of order 3 with the representatives a and b and precisely two 
conjugate classes of subgroups isomorphic to SL(2, 3) with the representatives 
d and B so that a E A and b E B. This implies that if y is any element of 
order 3 in SL(2,9), then there is an element g E SL(2,9) such that (x, x”) 
has even order. 
Assume now that there is an element x E N\M such that 1 C,(r)] > 34. 
We can find an element 21 E C(P,) so that (x, xv) has even order. We have 
/ CM(.P)I 2 3” and so j C,,((x, xv))1 3 33 which implies that there is an 
involution z’ E C(P,) such that / C&Z’)] > 27. Since x’ is conjugate in 
C(P,) to z, we get ] C,,(z)] > 27, a contradiction. We have proved that 
for every element, x E N\M, we have C,(x) = Z(N). This implies that for 
every x’ E N\Z(N), we have I CN(x)j < 35. Since 1 N’ / = 9, we have that 
for every x E N\Z(N), we get j C,v(x)] = 35 and so C,v(x) is elementary 
abelian. Hence the elementary abelian subgroups of order 35 of N partition 
N modulo Z(N). We have proved the following 
PROPOSITION 11. Let N be an S,-subgroup of C(P,). Then. N has order 37, 
class 2 and exponent 3. Also I Z(N)/ = 27, j N’ I = 9 and the elementary 
abelian subgroups of order 35 of N pa&ion N mod&o Z(N). Moreover, P1 
splits in N(P,) and every subgroup of order 3 of N’ is conjugate in G to P3 . 
Finally, C(E) = I(z) where E = C,(z) is elementary abelian of order 27 and 
I is an elementary abelian subgroup of order 35 of N. 
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Since N possesses elements of order 9 and LV is of exponent 3, it follows 
that N is not an &-subgroup of G. In particular, Nc(N) e N(E),) and so 
N(N) fuses two elements of order 3 in P, with sixteen elements in Z(N)\N’~,,P, 
because N(N) normalizes Z(N) and N’. This implies that 
\ N(N) : C(P,) n N(N)1 = 2 f 16 = 18 
and so 1 5-(N) : N(N) n Ai( = 9. We get 1 N(N)1 = 3g 2” and so the 
semi-dihedral group L is an ,$-subgroup of N(N). Let U be the maximal 
normal odd order subgroup of 5’ = N(N). 
Assume that IT does not have a normal 2-complement. The involution t 
cannot be fused to z in 17 because C,(z) = E is elementary abelian of 
order 27 and C,(t) is non-abelian of order 27 and exponent 3. Hence F’ has 
a subgroup 7’ of index 2 which does not have a subgroup of index 2 and 
so an &-subgroup L of T is a quaternion group. We have t E v\,T, T 1 U 2 iV. 
Also 3 / 1 T/U j and so there is an element c of 3-power order in Ti, U which 
centralizes X. It follows that T/U N_ SL(2, 3) and ! li ! q = 3s. We have 
therefore i C,(Z)\ = 33 and 1 C,((t, x))j = 3. Since j U / = 35, we may 
assume that j C,(t)\ = 3*. But t is conjugate to tz in ii’ and so also 
1 C,(tz)\ = 34. This implies that j U / = 3g, a contradiction. 
We have proved that V has a normal 2-complement U and so / U / = 3g. 
Since t is conjugate to tz in I/, we have j C,(t)\ == / C,(tz)\ = 34 and so 
I: acts fixed-point-free on U/N. No element in Z(N)\,N’ is contained in 
Z(U) and all elements in Z(N)\N’ are conjugate to sr in G. For every 
x E Z(N)‘,,N’, we have C,(X) = N. Hence all elements in M\i’ll are conjugate 
in G to s, . Every element of order 3 in M is conjugate in G to sr or s3 . 
We have Z(U) 6 N and so Z(U) C N’. Since L acts transitively on the non- 
identity elements of N’, we have N’ = Z(U). 
Assume that N(M)1 N(P,). Then N(M) fuses all 3j - 34 elements in 
ll/r\f%? and so j X(M) : N(P,)I = 3”. Let B be an &-subgroup (of order 311) 
of N(M). Since 81 a B, it follows that 1v contains a subgroup Y of order 3 
such that Y Z Z(B). On the other hand (since Y is conjugate to Pa in Gj 
N(Y) has a four group as an &-subgroup and a normal 2-complement of 
N(Y) has an ?&-subgroup of order at most 3iQ. This is a contradiction. 
Hence we have N(M) = N(P,) and so N,(M) = N. Kate that Pa C E Cl 
and M does not contain subgroups conjugate to Pz in G. This implies that 
the nine conjugates of M in U are different from 1. Since N has precisely 
ten abelian subgroups of order 35, it follows that I is normal U. Also I is 
L-admissible and z acts fixed-point-free on U/I. Hence E/1 is elementary 
abelian of order 34 and so u’ C I. 
We have C(E) = I<;r) and so C(I) = I. We know that IV,(E) = EK, 
E n K = 1 and K N GL(2, 3) where K contains L. It follows that K 
normalizes I<z) and so K normalizes I. We have K n V = L, N(I)3 V and 
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N(1) is not 3-closed since it contains K. Since (2) = Z(K) and [I, (z)] -= 
Z(U) = N’, we have that K normalizes Z(U) and also K acts faithfully on 
Z(U). Put U, = C,(Z( U)). Then U, 1 U and N(Z( U)) = U,K, U, n K = 1. 
Since (t) is an &-subgroup of C(ps) and pa _C Z(U), we have that U, has odd 
order. We act on U, with (t, x> and note that C,(x) = C,(z) = E. Since 
C,((t, 2)) = C,((t, 2)) has order 3 and / Cul(t)l = 1 C,l(tz)l = 3a, we get 
1 U, / = 3s and so LJ, = U. It follows that N(Z( U)) = UK, U n K = 1 
and C(Z( U)) = U. Also I is normal in UK. Let R be an &-subgroup of UK. 
Then we may assume that Z(R) = pa and we see that N(pa) = N(R) = 
R(t, x) where / R 1 = 3r”. We have proved the following 
PROPOSITION 12. We have N(N’) = U . K where 1 U 1 = 3g, K N SL(2, 3) 
and U n K = 1. An &-subgroup R of Uk- has order 31° and is an S,-subgroup 
of G. Also Z(R) is conjugate in G to P3 and N(Z(R)) = N(R) = R(t, z) where 
(t, z> is a four group. Moreoaer .I is normal in UK. 
It is now easy to derive a contradiction. Put Pl = (si) and note that 
C(Q) = C(s,) n UK = L,N and so there are precisely 54 conjugates of s, 
in UK and they all lie in I (since 1 4 UK). Put p.s = (~a). Then ~a has 
precisely 8 conjugates in UK and they all lie in Z(U) (2 I). Put (ss) = P3 C E. 
Then z centralizes sa and we may assume that t inverts sa and an element 
nz of order 3 in K commutes with ss so that the involution t in K inverts nz. 
We have C,(s,) = I and since (x> is an &-subgroup of C(ss) n UK, we get 
j C(ss) n UK 1 = 38 .2 and so ss has precisely 72 conjugates in N(Z(U)). 
Since (ss) is (z, tj-admissible, it follows that N(P,) n UK = lV<t, xj where 
1 W I = 3s, TII Q W(t, x> and W n N = I. Also (t, x) is an &-subgroup of 
N(P,) and WU = R is an &-subgroup of G. Put (sa) = Pz C E. Then 
(2, t> is an &-subgroup of C(s,) n UK. Note that UK/U N GL(2, 3) and 
assume that C(s,) n UK $ U(t, z). Then D = (C(s,) n UK)/C,(s,) is 
dihedral of order 12 with the center xC,(s,). This implies 
3” 1 1 C(X) n (C(S,) n UK)] 
which contradicts the structure of H. Hence C(s,) n UK _C U<t, x) and so 
j C(s,) n UK / = 3’ . 2”. It follows that sa has precisely 108 conjugates 
in UK. Since 1 + 54 + 8 + 72 + 108 = 243 = I I I, we see that we have 
found all conjugate classes of UK which are contained in I. 
We shall determine now Z(W). Obviously, Z(w) 2 (sa , s,) since (~a) = 
pa = Z(R) and N(P,) n UK = W(t, z). Since C,(s,) - N and W n N = I, 
we get Z(W) _C I. Also m E W and C(m) n N’ = (~a) which implies that 
Z(W) n N’ = (ia). Also note that Z(W) cannot contain any element of 
order 3 which is conjugate in UK to s, or s, since I W I = 38. It follows that 
I Z(W)/ < 33. Assume that I Z(W)/ = 27. Note that (t, z) is an &subgroup 
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of N(W) n C’K. Hence the quaternion subgroup Q of L produces by 
conjugation four distinct conjugates of W in LTK. But lo = I and so Q 
produces bp conjugation four conjugates X, I i = 1, 2, 3, 4 of Z(W) which all 
lie in I and 1 Xi n Z(U)] = 3, i = 1, 2, 3,4. Assume that Xi n Xj g Z(U), 
i #j. Take an element x E Xi n Xj\Z( U). Then we get ! C(x) fl UK i > 38 2 
which is a contradiction since x must be conjugate to sa in Z’K. Thus 
/ X, n Xj I < 3 and moreover Xi n Xj c Z(U). But then the set (Z(W))“‘~,Z( U) 
contains precisely 96 elements which all must be conjugate to sa in PK. 
This is not possible and so Z(W) = (sr , ?a> is elementary abelian of order 9. 
This implies that N(W) n UK = m<t, z‘; where j l7 / = 3” and 17~ W(t, x:,. 
Also C(Z(W>) = Wand so N(W) = N(Z(W)). Also observe that ! Cl,,(x)! = 3” 
and 1 C,,(r)\ = / Cr+(tx)i == 33. 
We use now the fact that P3 is conjugate to pa in G. We have C(sa) n UK == 
W(z> and let Y be an S,-subgroup of G which is contained in Cofs,) and 
which contains W. Then N,(W) + W and so N( SY) $ UK. Hence N(W)/ W 
is isomorphic to a subgroup of GL(2,3) which contains properly a Sylow 
3-normalizer in GL(2, 3). Thus N(W)/W = GL(2, 3). 
Let S be an S,-subgroup of N(W) which contains (a, t). Then S is semi- 
dihedral of order 16. Since j C,(z)I = 3” and j C,(t)\ = 1 C,(tz)i = j3, it 
follows that t must be conjugate to tx in S. This implies that (z, = Z(S). 
But then S normalizes the group C,(x) and C,(x) . S Z H. Since 
1 C&)1 = 32, we get a contradiction with the structure of N. Theorem 1 
is proved. 
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